Type IIB orbifolds with D5-branes and their string duals by Gregori, A
Bicocca-FT/00/05,
hep-th/0004070
type IIB orbifolds with D5-branes and their string duals y
Andrea Gregori1
Dipartimento di Fisica, Universita di Milano{Bicocca
and
INFN, Sezione di Milano, Italy
Abstract
We consider Z2, freely acting orbifolds of the type IIB string with 16 parallel D5-branes.
When the string is compactied on T 2  T 4 and the D5-branes are wrapped on T 2, these
systems possess N = 2 supersymmetry, originating from the spontaneous, partial breaking of
N = 4. Extended supersymmetry allows us to investigate the duality with certain heterotic
and type I constructions, and to obtain informations about their non-perturbative regime.




Systems of type IIB strings in the presence of N parallel Dp-branes are of much interest
for the investigation of the non-perturbative aspects of Yang-Mills theories. A well studied
situation is when one takes the limit of large N , small gs. In this limit, gravity is eectively
decoupled, and one reduces to study a pure gauge theory. Recently, situations in which the
string coordinates transverse to the D-branes enter in the game have also been considered
[1]. The presence of the D-branes leads to the breaking of half of the supersymmetries of the
type IIB string. When N = 16 parallel D5-branes are added to the type IIB background, and
six coordinates, four transverse and two parallel to the branes, are toroidally compactied,
it is reasonable to ask wether this theory is dual to the toroidally compactied heterotic
string. The point is non trivial, because, on the type IIB string, supersymmetry appears as
\spontaneously" broken, in the sense that we expect that the bulk feels the partial breaking
of supersymmetry in a weaker way as the distance from the branes is increased; on the other
hand, it is known that on the heterotic side supersymmetry is always \hardly" broken. Such
a duality therefore cannot exist at the N = 4 level. It can however exist for a lower number of
supersymmetries. In order to understand the situation, in this work we consider the theory
obtained by adding a freely acting, Z2 projection that acts as a twist on the transverse
coordinates and as a translation along a circle of the two-torus parallel to the branes. This
projection breaks spontaneously the supersymmetry to N = 2: the N = 2 and N = 4
phases are then continuosly related. The advantage of breaking supersymmetry to N = 2 is
that the moduli dependence of certain amplitudes is reacher than in the N = 4 theory, while
supersymmetry is still suciently extended to allow the comparison of amplitudes that, like
the R2 term we will consider, receive a contribution only from non-perturbatively stable,
BPS states.
We argue that this model is dual to a freely acting orbifold of the heterotic string, with
gauge group of maximal rank, and to type I freely acting orbifolds with either sixteen D9-
branes, or eight D9-branes and eight D5-branes, that were presented in Ref. [2]. In order to
discuss the relation with the type IIB orbifold with D5-branes, we consider these theories in
the region of the moduli space in which the gauge group is broken to its abelian subgroup.
We use the corrections to the \regular" R2 term, a particular amplitude in which there is
no mixing between \bulk" and \branes" contributions, in order to compare the heterotic
and type I models with the type IIB model. In the latter, a rigorous computation of this
amplitude at a generic point of the moduli space is a hard task. However, for our purposes it
is enough to consider only the limits of small and large volume of the space transverse to the
D5-branes, V(4) ! 0, V(4) !1. As we will discuss, in the rst case the theory is absolutely
equivalent to a type I orientifold construction; in the second limit, we can consider the type
IIB system as described essentially by a type IIB string bulk, with a perturbation due to
the branes. At any point outside the branes, this perturbation can be made arbitrarily weak
by increasing V(4). In this region of the moduli space, that turns out to correspond to the
strong heterotic coupling limit, the \mixing" terms between bulk and branes are suppressed.
Since the eective coupling constant of the R2 term depends on the moduli of the vector
multiplets, the comparison of the corrections as computed \on the branes" and \far from the
1
branes" provides us with informations about the non-perturbative behavior of the (heterotic)
theory, indicating the existence of a non-perturbative super-Higgs mechanism, responsible
for the spontaneous breaking of the N = 8 supersymmetry. From the point of view of
the M-theory, the spontaneous breaking of the N = 8 supersymmetry is produced by a
Scherk-Schwarz projection performed on the eleventh coordinate. As we will discuss, this
phenomenon explains why the states that on the type I side originate from the D5-branes
sector, appear as perturbative on the heterotic side. This situation diers from other cases
considered in the literature [3]{[5], where the D5-branes, corresponding on the heterotic side
to small instantons, give origin to a non-perturbative enhancement of the gauge group.
The paper is organized as follows:
In Section 2 we discuss the type IIB string in the presence of D5-branes, and the further
breaking of supersymmetry produced by the orbifold projection. The main part of the section
is devoted to the discussion of the gravitational corrections.
In Section 3 we present the heterotic and type I duals. We compare then the gravitational
corrections as computed in these constructions with that of the type IIB with D5-branes and
discuss the map relating the moduli in the vector manifolds of the three eective theories.
In Section 4 we review the procedure of rank reduction in type I strings. This was rst
discussed in [6]{[8], and we apply it to the case of type I models with spontaneous breaking
of supersymmetry. We propose that the type I models with reduced rank and perturbative
spontaneous breaking of the N = 4 supersymmetry are dual to orbifolds of type IIB string
in which the D5-branes are pairwise identied by Z2 projections.
Further comments and conclusions are in Section 5.
2. The type IIB string with D5-branes
The type IIB superstring with Minkowskian target-space metric provides a perturbatively
flat background for the construction of a quantum version of supergravity. This background
possesses 32 charges of supersymmetry, that correspond to an N = 4 supersymmetry from
a six-dimensional point of view, or N = 8 as seen from four dimensions. The Ramond-
Ramond elds of this theory are naturally coupled to extended sources, the D-branes [9].
If N parallel Dp-branes sit at a certain point in the ten-dimensional space-time, only half
of the 32 initial supercharges still generate a symmetry of the theory. Moreover, there is a
U(N) gauge symmetry, supported by the degrees of freedom living on the p + 1-dimensional
world-volume of the branes. The eective theory of this system of type IIB string with D-
branes is supergravity coupled to Yang-Mills gauge theory. The number of supersymmetries
is half of the initial. This is true not only for the eective theory of the elds living on the
branes, but for all the elds of the system, in particular also for the elds belonging to the
(super)gravity multiplet, that originate from the \bulk", namely the type IIB string. The
breaking of supersymmetry due to the presence of the D-branes is in fact communicated, via
interactions, to the full theory.
In this theory, we can further break supersymmetry by projecting with a Z2 symmetry,
that acts as a reflection, x ! −x, on the four coordinates transverse to the D5-branes.
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In order to dene this projection, the transverse coordinates don’t need to be compact: we
can work even with a generic, possibly non-compact, orbifold. In the following, however, we
will consider the more general situation in which the space transverse to the D5-branes is
compact. In this case, cancellation of the RR charge xes to 16 the number of D5-branes
and requires the introduction of an equal number of orientifold O5 planes.
With the Z2 orbifold projection, supersymmetry is reduced to a quarter of the initial one:
this projection is in fact not \parallel" to the supersymmetry projection due to the D5-branes.
This is easily seen when the twisted coordinates, transverse to the branes, are compact.
In this case, it is clear that the supercharges that survive are world-sheet parity-invariant
combinations of the left and right supersymmetries surviving the orbifold projection, as
in the type I constructions. Since the O5 planes break the same supersymmetries as the
D5-branes, we conclude that this is true also in the non-compact case, without O5 planes.
The orbifold projection on the transverse coordinates induces a ZQ2 projection, corre-
sponding to (−1)Q, for half of the supercharges Q, which has in general an action also on
the Chan{Paton factors. If now we compactify onto a circle S1 a coordinate parallel to the
branes, it is possible to couple the above projection to a half-circumference translation along
this direction. This produces a shift in the momentum of the ZQ2 -odd open string states
constituting the branes spectrum: the masses of these states, as well as the masses of the
ZQ2 -odd states of the bulk, are shifted according to:
M2 = (2m + 1)2/R2 ; (2.1)
where R is the radius of the translated coordinate. In the decompactication limit R !1,
all these states become massless. In particular, the initial amount of supersymmetry is
restored: we have therefore a realization of a Scherk-Schwarz mechanism [10, 11]. In the
following, we will consider only compactications of coordinates by pairs. We will therefore
remain on a system based on type IIB string. This scenario is also the most interesting,
because it leads to a four-dimensional eective theory.
If we act only with the above described freely acting supersymmetry breaking projection,
that we indicate with ZF2 , the open string states, giving rise to the branes spectrum, don’t
contain hypermultiplets: they would arise from the states odd under the ZF2 projection, but
these, as we have seen, have a shifted mass. Hypermultiplets can be obtained by introducing
Wilson lines, properly coupled to ZF2 . A Wilson line acts in fact, at the N = 4 level, by
shifting the mass of the open string states connecting dierent sets of parallel D-branes.
The shift in the mass is proportional to the radius of a circle of the orbifold. In the limit
in which the transverse coordinates are decompactied, the mass shift is innite and the
corresponding states are eectively projected out. We stress however that there is no deep
distinction between the compact and non-compact situation, the second being only a limiting
case of the rst. The U(N) gauge group is then broken to subgroups U(N1) U(N2), with
N1 + N2 = N . If, on the other hand, the shift of the Wilson line acts parallel to the branes,
along the same direction as the shift introduced by ZF2 , the states odd under this latter
receive a double shift: that of ZF2 plus that of the Wilson line. By choosing this latter to
have a discrete, half-integer value, we obtain then hypermultiplets in the (N1;N2) and in the
(N1;N2), bifundamental representations. We remark that this is what happens also when
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one breaks completely supersymmetry to N = 0, as in [1]: in that case, a \Wilson line" is
necessary in order to introduce fermions; it is determined when assigning the action of (−1)F
on the Chan-Paton factors.
The remaining part of the massless spectrum originates from the string \bulk", that
provides, besides the gravity multiplet, the two further vector multiplets of a U(1)2R factor of
the gauge group, and four hypermultiplets. These states originate from the projection of the
N = 8 supergravity spectrum onto the states invariant under both ZF2 and the Z2 projection
induced onto half of the supercharges by the interaction of the bulk with the branes.
In this work we want to discuss the relation between this construction and heterotic and
type I string constructions with the same massless spectrum. As we already observed, owing
to the free action of ZF2 and of the D5-branes projection, suppressed at large distance from
the branes, supersymmetry is spontaneously broken. On the heterotic and type I sides, it is
easy to reproduce the spontaneous breaking of the N = 4 supersymmetry. The approximate
restoration of the N = 8 supersymmetry, that on the type IIB side takes place far from
the branes, is however a phenomenon entirely non-perturbative. Moreover, through the
investigation of its type IIA dual, it has already been observed that the heterotic string
with N = 4 supersymmetry and maximal rank of the gauge group possesses S-duality [12].
As a consequence, supersymmetry is broken to N = 4 also at the strong coupling. This
means that, on the heterotic side, the breaking of supersymmetry from N = 4 to N = 2
has an action also on S, the dilaton{axion eld. In the N = 2 heterotic dual, S-duality is
broken. As we will discuss below, the heterotic weak coupling regime corresponds, on the
type IIB side with D5-branes, to the theory \close to the branes", i.e. to the regime of very
small volume of the space transverse to the D5-branes. In that region of the moduli space,
there is no restoration of the N = 8 supersymmetry, and the type IIB construction matches
the heterotic, and the type IIA string on K3 (T 2). However, thanks to the \transverse"
directions, on the type IIB side it is possible to see the interpolation between the heterotic
string and other phases of the M-theory.
In order to discuss more quantitatively these issues, we consider the computation of the
gravitational, R2 corrections1. In general, these corrections receive contribution from both
the \type IIB" and the \D5-branes" sectors [14]. In Refs. [15]{[17], it was discussed how, in
order to compare consistently dierent string constructions, it is necessary to project out the
non-universal contribution, due to the \mixing" of gravitational and gauge amplitudes. On
the heterotic string, the mixed contribution of the gauge elds to the gravitational amplitude
is proportional to hF 2i, the gauge amplitude, that must therefore be subtracted from the R2
computation. This subtraction amounts there to \decoupling" the c = (0; 16) currents from
the compact space.
On the system of type IIB with D5-branes, the background is curved and we don’t have
at hand an exact partition function on which to act with operators well dened on the
world-sheet. However, since the D5-branes massless elds correspond respectively to the
heterotic gauge elds originating from the currents and to the type I open string sector, we
are naturally led to think that what we have to do is to decouple the contributions of the
1For a denition and a discussion of these expressions, we refer the reader to [13].
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bulk and the D5-branes. We don’t know how to do this at a generic point of the moduli
space; however, in the purpose of understanding the general behavior of this theory, it is
enough to consider the two limits, of large and small V(4), the volume of the space transverse
to the D5-branes. In the limit of small V(4), the theory is best described in terms of T-
dualized coordinates: in this case, instead of D5-branes we have D9-branes, and the type IIB
construction becomes the ordinary type I, orientifold construction. In this limit, the duality
with the string constructions is therefore trivial. In the limit of large V(4), we can instead
consider the D5-branes suciently far apart in the transverse space, so that the curvature
of the background is weak and the eects of the presence of the branes are suppressed.
The decoupling amounts therefore to a projection onto a computation performed on the
type IIB bulk. On the other hand, even outside the branes the latter cannot be considered
as corresponding to a free, N = 4 theory: the massless elds originating from the branes
interact in fact with the bulk: supersymmetry is therefore broken to N = 2 also in this
sector. However, the tree level contribution is vanishing : since in the type IIB string there is
no tree level contribution to the R2 amplitude, this would come from the O5 planes and from
the D5-branes [18]. Owing to a dierent scaling of this coupling, as a function of the volume,
compared to the bulk elds, such a tree level contribution is suppressed. The situation is
therefore rather dierent from that of the orientifold construction, leading to type I strings:
in that case, one looks at the theory only close to the branes, and the background is made
flat by placing the orientifold plane close to them. Indeed, since the D9-branes and the O9
plane fulll the whole space, it is never possible to go \outside the branes": in that case, the
tree level contribution can never be neglected.
We argue that the correct result is obtained by assuming that, in the limit of large V(4),
what remains of the interaction with the D5-branes is eectively a spontaneous, asymmetric
breaking of half of the supersymmetries. Although we have no proof for this, some obser-
vations indicate that this is a reasonable assumption. A rst point is that, in the eective
N = 2 theory, neither the eld T , nor the eld U , the moduli associated respectively to the
Ka¨hler class and the complex structure of the two-torus around which the D5-branes are
wrapped, are twisted; both of them belong therefore to the moduli of the vector multiplets.
When V(4) !1, we can consider the O5 planes arbitrarily far away. In that case, owing to
the absence of orientifold projection, the volume modulus T , coupled to the windings of the
torus lattice, is not projected out, as it happens instead in the type I strings. Both T and U
are therefore expected to contribute, on the same footing, to the renormalization of the eec-
tive gravitational coupling, as in the Z2 asymmetric projections
2. Moreover, an asymmetric
projection indeed reproduces what we expect from the interaction with the D5-branes: for
instance, if it acts as (−1)FR  (−1)m, where m indicates the momenta in the directions
transverse to the branes, there is an approximate restoration of the initial supersymmetry
for large volume of the transverse space, i.e. when the D5-branes can be considered innitely
far away 3. We therefore assume that the correct result is obtained by working formally on
2In the following, we will come back to this point: we will discuss what happens when V(4) is nite and
the contribution of the orientifold plane cannot be neglected.
3Remember that the O5 and D5 partition functions correspond to the only windings-dependent part of
the Klein Bottle and open string amplitudes of N = 2, Z2 orbifolds of the type I string. However, it is not
possible to write the partition function of the full system of type IIB string and D5-branes with the orbifold
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the \type IIB" partition function, and computing the amplitude by acting with the helicity
operator Q2 Q2, as in Refs. [13, 19], with the recipe that, contrary to what happens in true
type IIB computations, here we have to keep the contribution of both the moduli T and U ,
as in the asymmetric orbifolds considered in Ref.[21]. The partition function we use for the






























































as the contribution of the four twisted bosons. In the \N = 4"











, and (2.2) coincides with the
partition function of the N = 4 freely-acting orbifold of [13]. In the untwisted, unprojected
sector, (H; G) = (0; 0), it is the usual sum over lattice momenta. In the non-compact limit,









We stress that expression (2.2) represents only part of the theory, with an apparent doubling
of supersymmetry due to the fact that we are neglecting the contribution of the states living
on the branes. The one loop contribution can be computed by regularizing the infrared with
the method of Ref. [19]. For the particular parametrization in which
Im T = R5R6; Im U = R6=R5 ; (2.4)





log Im T j#4 (T ) j4 − 2
3
log Im U j#4 (U) j4 − b log /M ; (2.5)
where  indicates that in the above expression we discard terms suppressed at large distance
from the D5-branes (or, equivalently, at large volume of the transverse space, V(4)), and 2/3
is the value of the beta-function coecient, bgrav =
24−NV +NH
12
. The third term on the r.h.s.
contains the infrared running, as a function of the infrared cut-o  and the characteristic
mass scale M . The ratio of these quantities is invariant under type II/heterotic/type I,
string-string dualities, and can be expressed as the ratio of a physical cut o
p
p2 and the
Planck mass MP . The -function coecient b, in the cases it can be explicitly computed
(see for instance [16]), turns out to be b = B4−B2
3
, with B2 and B4 the constant, massless
contributions at a generic point in the moduli space (i.e. away from points of enhanced
symmetry) to the second and fourth helicity supertraces (for a discussion of these quantities,
see for instance [20]).
planes. This would be possible only in type I strings, where the Z2 orbifold projection would generate a D9
and O9 sector.
4Owing to extended supersymmetry, the is no contribution from orders higher than the one-loop.
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As a consistency check for the assumption we made in order to derive the result of Eq.
(2.5), we can look at what happens when the volume of the internal space is reduced. In
this case, the eect of the orientifold O5 planes cannot be neglected, and we expect the
modulus T to be projected out. On the other hand, we expect also the appearence of a tree
level contribution. A uniform reduction of the volume of the internal space is equivalent
to a rescaling of 0, the unit of measure of all the radii. This leads to T ! 0, while U
remains invariant, as it can be seen from Eq.(2.4). In this limit, the modulus T indeed
disappears. However, the correction (2.5) linearly diverges in the inverse eld S 0  −1/T ,
showing the typical behaviour of a tree level contribution, with coupling constant 1
g2
= Im S 0.
Notice however that this eld has an inverse dependence on the volume of the two-torus,
with respect to the eld S 0 that parametrizes the coupling of the D5-branes in the type
I construction ( see Eq.(3.11) ). In this limit, we should in fact better T-dualize the two
coordinates corresponding to the two circles of the two-torus and describe the system in
terms of D3-branes.
Notice also that the correction (2.5) has a logarithmic divergence in the limit R6 ! 1
( Im T ! 1, Im U ! 1), where the N = 4 supersymmetry is restored. The logarithmic
dependence can be removed with an appropriate choice of the infrared cut-o5, recovering
the expected behaviour of the correction in the N = 4 case, when the one-loop part of the
gravitational correction (2.5) vanishes.
3. The N = 2 heterotic and type I duals
The system of type IIB string and branes we presented in the previous section possesses both
heterotic and type I duals. The heterotic dual is constructed as a T 2  T 4/Z2 orbifold, in
which the twist is accompanied by a Z2 translation on T
2, producing a left-right symmetric
shift of the momenta; modular invariance requires then an embedding of the spin connection
into the gauge group. Furthermore, a Z4 Wilson line must be added, in order to obtain
unitary gauge groups. When the gauge group is broken to U(1)16 by extra Wilson lines,
the massless spectrum originating from the currents contains only sixteen vector multiplets
and no hypermultiplets. At this point, it is easy to write the partition function and to
compute the \regular" gravitational amplitude, obtained by correcting the \ R2 " term with
appropriate gauge amplitude terms. An example of such a subtraction, valid for orbifolds
with an equal number of vector and hypermultiplets originating from the c = 16 currents,
NV = NH , was discussed in Refs. [15]{[17].
There are indeed two type I models dual to the heterotic and the type IIB constructions.
Both of them were rst constructed in Ref. [2], as orientifolds of the type IIB string with
an N = 8 supersymmetry spontaneously broken to N = 4. The freely acting projections
ZF2 , that break supersymmetry on the type IIB \parent" string, act as a left-right symmetric
reflection on four coordinates of the target space and as a half-circumference translation in
another circle. The translation is eectively introduced by a projection onto the quantum
numbers of the lattice of momenta associated to that compact coordinate. Depending on






, one gets type I orientifolds with dierent
5For more details about these issues, we refer the reader to [16, 21, 13, 19, 22, 23].
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properties: in the rst case, the \momentum shift", one gets a model with a gauge group
of rank 16, entirely provided by open string states ending on D9-branes: no D5-branes
are present. In the presence of an appropriate Wilson line, coupled to the supersymmetry
breaking projection in the way we described in Section 2, the gauge group splits into factors
SO(N1)  SO(N2), with hypermultiplets in the (N1;N2), bifundamental representation.
Introducing further Wilson lines, it is possible to reproduce the situation of the heterotic
construction we just described.
More subtle is the case of the \winding shift", otherwise called M-theory breaking in
[2], because it appears as a non-perturbative phenomenon from the heterotic point of view,
corresponding to a Scherk-Schwarz supersymmetry breaking performed on the eleventh co-
ordinate of M-theory. In this case, supersymmetry appears to be unbroken in the open string
sector, that provides the massless states of a N = 4 super Yang-Mills theory with maximal
gauge group SO(16) SO(16): the rst factor originates from D9-branes states, while the
second factor originates from a D5-branes sector. It seems therefore that such construction
cannot be dual to the other models we have considered. However, by looking at the cor-
rection to the R2 term, in Ref. [15] evidence was found that this construction is linked to
the \momentum shift" model by a motion in S 0, the modulus whose VEV is the coupling
constant of the ve-branes part of the gauge group. What makes possible this duality is that,
although supersymmetry appears as unbroken N = 4 in the open string sector, this is only
a rst approximation. Interactions with the closed string sector communicate the breaking
of supersymmetry also to the open string sector, in the same way as in the type IIB system
with D5-branes of Section 2, the initial N = 8 supersymmetry of the \bulk" is broken, due
to the interaction of the states of the bulk with the states living on the D5-branes. Once
this second order eect is included, the only way of getting hypermultiplets from the open
string sector is by coupling the supersymmetry breaking projection to appropriate \Wilson
lines", as in the dual models.
Both in the heterotic and the type I models, the gravitational amplitude receives a
contribution only at the tree and one loop levels. On the heterotic side, the one loop
contribution is easily computed by inserting in the partition function appropriate operators
acting on the left-movers as the helicity operator, Q2. After saturation of the fermion zero
modes, their action is reduced to a covariant dierentiation on certain bloks of the \N = 2"
sector of the partition function, namely on the second helicity supertrace, B2. This quantity
possesses universality properties [24], and is xed by the choice of the Z2 shift on T
2 and
by the value of the dierence, NV −NH , of vector and hypermultiplets originating from the


















where the prime indicates that the sum is taken only over the values (H; G)= f(0; 1), (1; 0),

















































The amplitude we need to compute is:
hR2i(o) = hR2i+ 1
12
hP 2i(T 2) + 5
48
hF 2igauge : (3.3)
The second and third term in the r.h.s. correspond respectively to the amplitude of the U(1)2
of the two-torus, computed as in Ref. [16], and to the gauge amplitude of the currents; the
latter is obtained by inserting in the one-loop vacuum amplitude the operator:










D on the weight eight block
corresponding to the contribution of the c = 16 lattice. In this case, in the (H; G) 6= (0; 0)





























The nal result is given by the infrared-regularized integral of (3.6) on the fundamental
domain. On the type I side, the gravitational corrections are proportional to an index [14],
and the analog of (3.3) simply amounts to a proper choice of normalization. The analogous
of (2.5) for the heterotic/type I dual pairs for the case NV = NH were presented in Ref. [15].
In the case at hand, they read:
16 2
g2grav()
= 16 2 Im S − 2
3
log Im T j#4 (T )j4 − 2
3
log Im U j#4 (U)j4
−b log /M ; (3.7)





and the elds T and U are respectively the Ka¨hler class and the complex structure moduli
of the two-torus. For the parametrization of Eq. (2.4), the #4 functions are obtained with a
half-circumference translation along the sixth coordinate.
On the type I side, Im S is associated to the coupling constant of the gauge elds originat-
ing from the D9-branes sector and U is still the complex structure modulus of the untwisted
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two-torus. The heterotic volume modulus T , on the other hand, is dual to ~S 0  −1/S 0, where
S 0 is the type I eld whose VEV is the coupling constant of the gauge elds in the D5-branes
sector [25]. In (3.7) we used the string scale M  1=p0 and the infrared cut-o . These
quantities can be either those of the heterotic or those of the type I string, their ratio being
invariant under duality (cfr. Eq. (2.5)). For large T (i.e. for small S 0), the dependence
on this modulus disappears from the correction6, a phenomenon interpreted on the type I
side as being due to the transition from the \M-theory breaking" to the \momentum shift"
model [15].
Having at hand the string corrections to the quadratic gravitational coupling for all the
models, we are in a position to discuss duality between the string and the type IIB plus D5-
branes constructions. By comparing Eqs. (3.7) and (2.5), we see that in the latter a term is
missing. If we try to match the two quantities, and see which term is going into what, it is
natural to establish that the moduli T and U are mapped into themselves. In Ref. [15] it was
argued that through a motion in the modulus T one indeed interpolates between the type I
construction without and the one with D5-branes. Based on the symmetry of the eective
theory in the three elds, ~S  −1/S, T and U , it was argued that, modulo exponentially
suppressed terms, the full, non-perturbative extension of the gravitational correction (3.7)





log Im Sj#4( ~S)j4 − 2
3
log Im T j#4 (T )j4 − 2
3










, a series of exponentials of the type
ei(k1
~S+k2T+k3U), in which the elds ~S, T , U appear weighted by \instanton numbers". This
term, symmetric in f ~S; T; Ug, is suppressed in both the large and small elds limit: the
limit in which these elds are small must in fact be taken after a Poisson resummation, that
converts this sum of exponentials into another sum of exponentials of the inverse elds, still
suppressed. As a consequence, also the dependence on the eld S, linearly divergent for
large Im S, is instead only logarithmic when S is small8. If in Eq. (3.9) we take the limit





log Im T j#4 (T )j4 − 2
3
log Im U j#4 (U)j4 +O (log Im S) : (3.10)
In this limit, the eective coupling indeed behaves as in Eq. (2.5); the logarithmic depen-
dence on the eld S can, as usual, be interpreted as a non-perturbative eect that corrects
the absence of a perturbative, linear term. Since the heterotic dilaton is the coupling of
6More precisely, the string threshold diverges only logarithmically in T .
7To be more precise, we should introduce here the elds S  4S and ~S  −1S , and normalize the
argument in the rst term of the correction according to: #4 (6~S). However, for the sake of simplicity, in
this and in the subsequent formulae we don't care about the normalization of the elds.
8We recall that under −1S ! S, #4(−1S) ! #2(S).
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the D9-branes sector, it makes sense that the type IIB system, which has only D5-branes,
corresponds to the phase of the theory in which no D9-branes are present. In terms of type
I parameters, the imaginary parts of the elds S and S 0 are given by:
Im S = e−4G1=4!2; Im S 0 = e−4G1=4!−2; (3.11)
where 4 is the dilaton of four-dimensions,
p
G the volume of T 2 and !4 the volume of the
K3 ( T 4/Z2). We have therefore ImS/ Im S 0 = !4. In Ref. [15] it was discussed how
the motion from the phase with D5- and D9-branes to the pure D9-branes phase involved
a decompactication of the K3, !4 ! 1. Here we can follow the opposite motion, to the
pure D5-branes phase, obtained in the opposite decompactication limit, !4 ! 0. This
corresponds to the region of transverse space compactication of the type IIB construction,
that provides therefore the missing piece in the duality chain of this theory. From (3.9) and
(3.10) it is also clear that the heterotic dilaton scales as the inverse of the volume, V(4), of
the space transverse to the D5-branes of the type IIB string: Im S / V −(4) , for some  > 0.
We can summarize the situation on the type IIB side as follows:
 V(4) !1.
As we saw, in this decompactication limit we can consider the O5 planes innitely
far: both the moduli T and U contribute then to the correction. The dependence on
the eld S ! 0 is suppressed.
 V(4) is nite.
In this case the eect of the O5 planes cannot be neglected. The eld T is projected
out, being replaced by a \tree level" term, linearly divergent in Im S 0, but there is a
contribution from the modulus S.
 V(4) ! 0.
In this limit, the correction diverges linearly in Im S. The four coordinates transverse
to the D5-branes should be T-dualized, converting the description in terms of D5-
branes into a description in terms of D9-branes. We fall therefore into a type I-like
situation.
Assuming that this duality is correct, we then conclude that on the heterotic side S-
duality is completely broken, and the theory possesses not simply an N = 4, but indeed an
N = 8 spontaneously broken supersymmetry. In the limit of large ImT , Im U , there is an
(approximate) restoration of N = 4. N = 8 is approximately restored if we further take
the limit Im ~S ! 19. In terms of M-theory, Im S / r−311 (i.e. Im ~S / r311), Im S 0 / r−311
(i.e. Im ~S 0 / r311), and the limit of restoration of N = 8 corresponds to the limit of large
radius of the eleventh coordinate. The type IIB orbifold with D5-branes appears to be S-
dual to the heterotic construction: the situation is analogous to that considered in Ref. [17],
9The restoration of supersymmetry is only approximate: as usual in freely acting orbifolds, in the \restora-
tion" limit the corrections indeed diverge logarithmically. We interpret the divergence in ~S as due to the
D5-branes massless modes.
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regarding the duality between heterotic and type II orbifolds with NV = NH = 0. Both are
examples of Scherk-Schwarz projection of the M-theory; the one of Ref. [17] is a particular
case without branes: the background is therefore flat in the dual construction, and the type
II asymmetric theory is obtained with an explicit asymmetric projection (−1)FR , that lifts
all the supersymmetries coming from the right-movers. The type IIB theories recovered in
the N = 4 limit correspond to a branch in the moduli space that doesn’t coincide with the
one dual to the type IIA string compactied of T 2K3, for which S-duality is a symmetry.
The two branches are however connected.
The existence of a spontaneous breaking of N = 8 supersymmetry explains a potential
puzzle of this duality. Indeed, the type I, \M-theory breaking" model possesses D5-branes
gauge bosons that appear as perturbative on the heterotic side. The same is true for the
D5-branes elds of the type IIB system. This may look strange, because D5-branes can be
considered somehow as zero size NS5-branes [4], i.e. small instantons of the heterotic theory.
The gauge bosons originating from the D5-branes sector should correspond therefore to a
non-perturbative enhancement of the heterotic gauge group. This is indeed what happens in
ordinary orbifold compactications. Our case is however rather dierent: when an instanton
shrinks to zero size, there is an eective restoration of N  4 supersymmetries, for which a
non-perturbative enhancement of the gauge group is not expected to take place. Since in the
N = 2 four dimensional model the ve-branes are wrapped, in order to see what happens to
the heterotic small instantons we must rst decompactify the two-torus. According to (2.4),
this corresponds to the limit Im T !1, with Im U xed. If then an instanton is shrunk to
zero size, the dilaton blows up [4, 26]. Taking into account that ImS = e−2, according to
the equation:
2 = trFijF
ij − trRijRij ; (3.12)
we see that the limit  !1 corresponds to Im ~S !1: this is an N  4 restoration limit,
as is clear from Eq.(3.9), in which there is no linear divergence in any modulus. We are
therefore close to the restoration of the full N = 8, where there is no gauge group at all.
4. Reduced rank type I models and duality
There exist other examples of duality between type IIB string with D5-branes and string
constructions with a flat background. In these cases, the type IIB curved background is
dual to reduced rank type I models. On the type IIB side, these models are constructed by
adding to the Z2 supersymmetry breaking projection one or two Z2 operations that identify
the D5-branes by pairs. This leads to \level 2" and \level 4" realizations of the gauge group,
in which the states odd under the exchange of branes acquire a mass10.
On the type I side, the reduction of the rank is obtained by introducing a non-vanishing
quantized antisymmetric NS-NS tensor Bab. Examples with N = 4 supersymmetry have
been constructed in Ref. [6]. This construction has then been extended to N = 2, Z2 non
freely-acting orbifolds [7, 8]. Here we are interested in the case in which the Z2 projection
10Interestingly, even though in these systems there is no Kac-Moody algebra, still the notion of level has a
well precise meaning, being related, through a chain of dualities and rank reductions/level raising projections,
to the heterotic string with maximal rank gauge group of the previous section.
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that partially breaks supersymmetry acts freely, as in Ref. [2]. In this way, with a rank 2
antisymmetric tensor we obtain a \momentum breaking" model with maximal gauge group
SO(16) and a \M-theory breaking" model with maximal gauge group SO(8)SO(8). With
an antisymmetric tensor of rank four we obtain then a \momentum breaking" model with
maximal gauge group SO(8) and a \M-theory breaking" model with maximal gauge group
SO(4)SO(4). With appropriate Wilson lines, the above SO(N) groups can be reduced to
the corresponding U(N=2). A further reduction of the rank would require the introduction
of a non-vanishing antisymmetric tensor also in the untwisted two-torus, that corresponds,
on the type IIB system, to the wrapping coordinates of the D5-branes. As for the rank 16 of
the previous section, Wilson lines are needed in order to introduce hypermultiplets, besides
the four originating from the compact space.
The Klein bottle, Annulus and Mo¨bius strip amplitudes for these models can be easily de-
rived from the corresponding amplitudes of the \Scherk-Schwarz"- and \M-theory"-breaking
N = 2 models of Ref.[2]. In our case, we work in four dimensions, and the shifted lattice sum
terms Zm, dened in Ref. [27], have to be adapted for a two-dimensional lattice. The models
under consideration can be constructed also in ve dimension, because only one direction in
the two-torus is shifted: we can therefore always factorize the sum Γ(1) over the unshifted
momenta of the lattice of one of the two circles. In the following, by Zm we will actually










PZm + ~W (−1)mZm
i
; (4.1)










and ~W is the corresponding winding sum, in which the windings satisfy the constraint




















where the sum over , a set of vectors with entries 0 or 1, introduces the projection along













































and r is the rank of Bab. Finally, the Mo¨bius strip amplitude is given by:





































γ is a cocycle, necessary in order to ensure a correct particle interpretation (see [8]). Notice
that the projection introduced by Bab acts on the momenta of T
4, while the translation
due to the supersymmetry breaking ZF2 projection acts on the momenta of the extra T
2. By
transforming the above amplitudes to the transverse channel and looking at the divergence at
the origin of the lattice, it is easy to see that the tadpole condition is modied: with respect
to the freely acting orbifold without antisymmetric tensor, now the rank of the gauge group
is reduced by a factor r/2. In the transverse channel, after taking the ‘ ! 1 limit, we






4 2 (N1 + N2)
2 Vol6
~M0 = −2 2
(r−4)=2









They are canceled if: 
2r=2 (N1 + N2)− 25
2
= 0 ; (4.10)
that means




In the above amplitudes, the splitting of the Chan{Paton factors into N1 and N2 is due
to a Wilson line with entries 1
2
, that can be chosen such that N1 = N2 = N = 32/2
r=2.
In this case, the vector multiplets are in the (N(N− 1)/2; 1)  (1;N(N− 1)/2) adjoint
representations of SO(N) SO(N), the hypermultiplets in the bifundamental (N;N). The
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case of our interest is obtained when a further Wilson line is introduced, with entries 1
4
, that
breaks the gauge group to its unitary subgroup, U(N=2) U(N=2).


































































































with ~γ a further, independent cocycle (see Ref. [8]). In this case, the further reduction of
the rank of the gauge group involves the parts coming both from the D9-branes and the







































are the volumes of the two- and the








The duality map between type IIB with D5-branes and type I constructions, for what con-
cerns the moduli of the vector manifold, S, T , U , is the same as for the rank 16 case. The
further projections due to the non-vanishing Bab don’t aect in fact the two-torus, that cor-
responds on the type IIB side to the two-torus parallel to the branes, with moduli T and
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U . The gravitational corrections have therefore the same expression as before. Of course,
on the type I side it is not possible to calculate any non-trivial dependence of amplitudes on
the moduli T (/ 1/S 0) and S. However, as it was done in [15], we can trade the perturbative
symmetry between the D9-branes and the D5-branes sectors of the \M-theory breaking"
models for a non-perturbative symmetry between the elds S and T , and arrive at the same
conclusions about the non-perturbative behavior of the gravitational corrections 12.
A note on the eective gauge coupling
The rank reduction indeed corresponds to a raising of the level of the algebra of the gauge
group. In order to dene the level, we don’t need in fact to work with an explicit realization
via Kac-Moody characters: the level can be intrinsically dened also through the strength
of the coupling of the gauge group. Since the rank is halved when two isomorphic factors
of the gauge group are identied (this is the eect of the operation that leaves massless the
states invariant under the exchange of these factors and lifts the mass of the states which









where N is the \eective" number of D5-branes, namely the number of D5-branes modulo Z2,
level-raising identications. Raising the level corresponds therefore to weakening the eective
gauge coupling gY M  g / g(=1)
p
N . If we now extrapolate from Eq. (4.18) and treat 
and N as parameters that can take any integer value, we can consider arbitrary high levels.
This leads to a decoupling of the Yang Mills elds, that tend to be frozen to constant values:
this is the no branes limit, with no gauge group. In the opposite limit, N !1, gY M is very
big, and the Yang Mills elds dominate over the other elds: this is the limit of decoupling
of gravity, whose coupling is g  g(=1). We can look at this limit in another, equivalent
way: we can rescale the couplings is such a way that the eective gauge coupling remains
xed. In the large N limit we have therefore g ! 0, with g2N xed. This is precisely the
’t Hooft limit; in the literature, what we call the eective level{ gauge coupling is indicated
by QCD. In the theory we are considering, there are both D9- and D5-branes, with dierent
four-dimensional coupling. The above decoupling argument applies separately for both the
D9- and D5-branes sectors. When both the types of branes are present, the eective coupling
12Reduced rank string constructions exist also on the heterotic side; we may therefore ask whether it
is possible to construct also the heterotic duals of these models. There is in principle no obstruction to
do this. However, the only heterotic orbifolds in which the gravitational corrections have the expression
(3.7), with a factorization of the moduli T and U , are those considered in Refs. [16]: they are necessarily
constructed at a point in the moduli space in which the higher level (= reduced rank) gauge group is




16=. These gauge groups don't have a
branes counterpart. In these models, moreover, the massless states originating from the currents have an
eective N = 4 supersymmetry. They are dual to type IIA orbifolds with spontaneously broken N = 4
supersymmetry, that are singular limits in the moduli space of K3 brations. The full, non-perturbative
gravitational correction can be computed perturbatively on the type IIA side (see Refs. [16]), and it turns
out that there is no limit in the space of moduli S, T , U in which there is a restoration of the N = 8
supersymmetry.
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of the bulk elds is in fact a combination of the two: g−2bulk  g−2(9) + g−2(5), and the eective
couplings of the two parts of the gauge group are gY M(9) / g(9)
p




In this work we investigated the relation between Z2 freely acting orbifolds of the type IIB
string with 16 parallel D5-branes, and the heterotic and type I string constructions with the
same massless spectrum. On the type IIB side, the Z2 orbifold projection acts as a twist on
the coordinates transverse to the branes, and as a half-circumference translation along one
of the directions parallel to the branes, that we consider wrapped around a two-torus. The
four-dimensional theory obtained when the transverse space is compactied possesses N = 2
supersymmetry, that comes from the spontaneous breaking of theN = 8. We have compared
the eective coupling of the R2 term, as computed on the heterotic and type I sides, with
the analogous quantity computed on the system of type IIB string with D5-branes, in the
two limits of small and large volume of the transverse space. The eective theory of the type
IIB orbifold in the presence of wrapped D5-branes is an N = 2 supergravity theory coupled
to Yang Mills theory, in which the N supersymmetries, half of the initial of the type IIB
string without branes, are of the type \(N ; 0)", as in the heterotic or type I constructions.
Indeed, these theories turn out to correspond to dierent phases of a unique theory, in which
the gauge group can be considered as originating either entirely from D9-branes, or partly
from D9-branes and partly from D5-branes, or entirely from D5-branes as well. The type
IIB construction with D5-branes corresponds to this last case. These phases correspond to
dierent regions in the space of the moduli in the vector multiplets, S, T , U , that include
the coupling constants of the eective theories of all these constructions, and are reflected
in the behavior of the eective coupling of the R2 term. In particular, the pure D5-branes
phase is S-dual to the heterotic phase.
By looking at the R2 term, it is also possible to follow the path toward the restoration
of supersymmetry, up to N = 8. The spontaneous breaking of N = 8 is consistent with
the interpretation of one of the type I dual constructions as being obtained via a freely-
acting, stringy \Scherk-Schwarz" projection applied to the M-theory [2]. In that case, in
fact, the masses of the states corresponding to the broken supersymmetries depend of the
radius of the eleventh coordinate, and vanish at the strong string coupling limit, where the
maximal amount of supersymmetry is restored. On the type IIB side, adding D5-branes to
the string amounts indeed to performing a Scherk-Schwarz reduction on a particular phase
of the M-theory. This is clear if we consider that a motion away from the hyperplane of the
branes corresponds to a non-perturbative motion from the point of view of the (heterotic)
eective theory. If we start with an eective N = 4 theory, this leads to the restoration of
the full N = 8 supersymmetry. In that limit, as expected, the elds of the Yang Mills part
of the eective theory decouple, and we are left, in the rst approximation, with a theory
of pure N = 8 supergravity: this is the eective theory of type II string, or equivalently
of toroidally compactied M-theory 13. As is usual in freely acting projections, opposite
13In order to see the link with M-theory, one has to T-dualize one direction of the type IIB string, converting
it into a type IIA.
17
to the restoration limit there is a \non-freely acting" limit, in which the masses of the
would-be supersymmetric partners blow up. At this limit the moduli dependence of the
supersymmetry-breaking parameters is lost. This is the situation on the branes, where the
eective theory has \exactly" half of the original amount of supersymmetry. In a \pure"
D-branes theory, there are no moduli that allow to move to a phase of enhancement of
supersymmetry14.
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Appendix: The transverse channels for the reduced rank type I models
We quote here the Klein Bottle, Annulus and Mo¨bius Strip contributions in the transverse
channel for the reduced rank type I models of Section 4. For the rank reductions of the


























































































14The examples of Scherk-Schwarz reduction in pure branes theory don't possess a spontaneous breaking
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